20                                       LECTURE  III.
surface and their plane coincident with the tangent plane of the surface ; they, too, form an M2.
Moreover, all these M%'s have an important property in common : any two consecutive surface-elements belonging to the same point, curve, or surface always satisfy the condition
dz — pdoc — qdy = o,
which is a simple case of a Pfaffian relation ; and conversely, if two surface-elements satisfy this condition, they belong to the same point, curve, or surface, as the case may be.
Thus we have the highly interesting result that in the geometry of surface-elements points as well as curves and surfaces are brought under one head, being all represented by twofold mani-foldnesses having the property just explained. This definition is the more important as there are no other M2's having the same property.
We now proceed to consider the very general kind of transformations called by Lie contact-transformations. They are transformations that change our element (x, y, 2, py q) into (ar',y, #',/', 4') by such substitutions
as will transform into itself the linear differential equation dz — pdx — qdy = o.
The geometrical meaning of the transformation is evidently that any M^ having the given property is changed into an M^ having the same property. Thus, for instance, a surface is transformed generally into a surface, or in special cases into a point or a curve. Moreover, let us consider two manifoldnesses M2 having a contact, i.e. having a surface-element in common ; these M%s are changed by the transformation into two other J/2's having%. Finally, a surface is given by those surface-elements that have their point on the1893), pp. 215-249.reases its power by adopting Pliicker's idea of a generalized space-element and extending this fundamental conception. A few examples will best serve to give an idea of the character of his work ; as such an example I select (as I have done elsewhere before) Lie's sphere-geometry (Kugel-geometrie).ll possible algebraic correspondences.    He
